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G'¯0387:94;VGfl3Z?KG'GflH2-<G65fl1C¯05}7¦]ËHKG
7 NO=:/K;>7~R07 B@7:/K14Ò:305617Gfl; ?KGfl/K;V=PHVR87 ;VoflRS17
µi
c dJH>R0=P1CHVvS9C?A1C;>=:H-87:HKH2=PHG6H2?AE:= 9C14YZ7:RS=PH[´
143WNO=P/K;>7:D}E@=FHK=PLS/KGfi7VRS14H2?K/K1CL0Q014DflE:=FR0=:H
Yi
wSQSG)-Gfl/I?AGfl3S5flG)´N 7@;>C9417!G%¬W-=P30G6305fl147:9 c
mWGflY:Q030R0=s	5¨ÌXQS9494=:YPMG{mG}7:/294GV @ÑPÑSÅ^©w875fl=P30HI?A/2Q0D}E:=VR0G!Q0;«s	Ð!Gfl3ZBP=P9uBPG{[RSGfl5fl1CHKGflH;9
4
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ÅPc 'Q87:9Èo!7[R01CH2?A/214L0QS14D}E@=FR0=PHUR87:RS=PH
Wc 'Q87:9NOQS30D}E:=[R87[;VoflR0147FHKGfl/K\V;V=R0Gfl947:R87{56=P;>=NOQ03SD}E:=V941C30G}7:/`R0=PHU/KG6YP/KG6HKH2=P/KG6H
Sc 'Q87:1CHTHKG6/AE:=V=PHU/KG6YP/KG6HKHK=:/KGflH
mWQ0-WG]yH2GV1C30145617:9C;>G63Z?AG{Q0GV=ŁBPG%?A=P/
Y
5fl=P3SHK14HI?b7ŁR0GV;>G6R014R07:H'143SR0Gfl-Gfl30RSGfl3Z?AG6H{R0G[Q0;>7B:7^]
/K14\}BPGfl9#7@94G}7¦? 'P/217{56Q¦gK7R014HI?A/K1CL0Q01CD}E:=-Gfl/I?AGfl3SD}7V´N 7@;>C9417fiG%¬W-=P30Gfl3S5fl17@9 w0=PQH2GkgK7:9
Yi ∼ fYi(yi), i = 1, ..., n.
|a;>7NOQ030D}E@=Q0G[56=P;FQ0;VGfl3Z?AG[7@HKHK=5fl147Ł7Ł;>o6R017Ł7:=:HJ/KGflY:/KGflH2HK=P/2GflHfio[7Ł5bM87:;>7:R87NOQ030DflE:=R0G
941CYZ7:DflE:= 5}7@30ÏP301C5}7Sw'G6HK-Gfl561C¯85fl7:R87387 -07:/A7:;VG6?K/K1C}7:DflE:= R87 N 7:;>C94147 G%¬W-=P30G6305fl147:9J-<=:/
θi
cs	7:H
-=WR0G6;G%¬W1CH2?A1C/T=PQS?K/A7:H+NOQ03SDflGflHUR0G!941CYZ7:D}E@=0wSR01uNOGfl/2Gfl3Z?AG6H_R07[5fl7:30ÏP3S145}7Wc
i=R0Gfl;V=PHUGflH25fl/2G6BPG6/5fl7:R87NOQ030D}E@=VRSGfl30H214R87:RSGfiRSGfiRS14H2?K/K1CL0Q014DflE:=387FNO=P/2;7
f(yi; θi, φ) = exp{φ[yiθi − b(θi)] + c(yi, φ)},
Gfl;ÀQ0G'?AG6;>=PH+7FGflHK-Gfl/K7:30Dfl7VR87@HXB@7:/K14\¨B:Gfl1CH+R87:R87-=P/
E(Yi) = µi = b
′(θi)
wS56=P;>=;V=PHI?A/A7@;>=PHX7
HKG6YPQ01C/flcni=:/_RSG6¯8301CD}E:=Sw
E(Yi) =
∫ ∞
−∞
yidF (yi).
, 143Z?KGflYP/K7:9°7@5fl14;>7o[7R0G#%b§
	8 ¢ ¥  ¢}b§%cfi|a;>7R0G%¯83014DflE:=R0GflHI?b7Ł143Z?KGflYP/K7:9G6305fl=:3?K/A7¦]ËHKG[Gfl;
lQ0/2/KG%?kÅ¨ÆPÆSÅ¨©%w-8\@YP14387­SÅ¨³SwÈ=PQ~Gfl;ªQ87:94Q0G6/!941C?KGfl/K7@?AQ0/K7HK=:L0/KG[Î²Gfl=P/217R87s	G6R014R87Wca=5}7@HK=
R01CHK5fl/2G6?K=0w8GflHI?b7[143Z?AG6YP/A7:97:HKH2Q0;>Gfi7FNO=P/2;7FR0G!Q0;>7HK=P;>7@?6'P/K147SwS7HK7:L<G6/flw
E(Yi) =
∑
i
yiP (Yi = yi).
|aHK7:/KG6;>=:H_-07:/A7G%¬WG6;>-09C1C¯85fl7:/+=V5}7:H2=[R0G!Q0;7FB@7:/21\}BPG69È5fl=P3Z?AC3Q87Gfl;Q0G!?AG6;>=PH;9
E(Yi) =
∫ ∞
−∞
yif(yi; θi, φ)dyi.
ÌX=P;V=
f
oJNOQ03SD}E:=[R0G630HK1CR87:R0G@w Gfl3Z?bE:=
∫ ∞
−∞
f(yi; θi, φ) = 1.
 WcuÅ^©
mWQ0-=P30RS=>Q0GJ?A=R87:HU7@H_56=P30R01CDflGflHUR0G!/KG6YPQ0947:/K1CR87:R0G'HKE:=VHA7@?K14H2NOG61C?A7:HflwWR0G> WcuÅ^©`?AG6;>=:H
∫ ∞
−∞
exp{φ[yiθi − b(θi)] + c(yi, φ)}dyi = 1∫ ∞
−∞
eφθiyiec(yi,φ)dyi = e
φb(θi)
b(θi) =
1
φ
log
∫ ∞
−∞
eφθiyiec(yi,φ)dyi,
 :   fffi	 fl  Æ
Gfl3Z?AE:=
b′(θi) =
1
φ
1∫∞
−∞
eφθiyiec(yi,φ)dy
∫ ∞
−∞
yiφe
φθiyiec(yi,φ)dyi
= e−φb(θi)
∫ ∞
−∞
yie
φθiyiec(yi,φ)dyi
=
∫ ∞
−∞
yie
φ(θiyi−b(θi))ec(yi,φ)dyi
= E(Y ) = µ.
,HKG6YPQ01C/flwj;V=PH2?K/A7:;V=PH{Q0G7tB@7:/21Ò:3S5fl17oR87:R07r-<=P/
V ar(Yi) = φ
−1Vi
wjHKG630R0=~Q0G
Vi =
dµi/dθi
o[75bM87:;>7:R87NOQ030DflE:=R0GFB@7:/K14Ò:305617SwQ0G5}7:/K7:56?KGfl/214}7Ł7ŁR01CH2?K/K14LSQ014DflE:=G
φ−1
o=Ł-87:/AÒ^]
;VG6?A/2=[R0G!R014H2-<G6/KHAE@=0cna=:?KG!QSG
φ−1 > 0
c
ÌX=P;V=
V ar(Yi) = E(Y
2
i )− µ2i = E(Y 2i )− [b′(θi)]2
w8GJ?b7:;{L<o6;
b′(θi) = µi
wSGfl3Z?bE:=
b′′(θi) =
dµi
dθi
= (−φb′(θi))
∫ ∞
−∞
yif(yi; θi, φ)dyi + φ
∫ ∞
−∞
y2i f(yi; θi, φ)dyi
= −φ[b′(θi)]2 + φE(Y 2i ).
qUG}7:/2/A7:3¦gK7@30R0=[=PHT?AG6/K;V=PHTR87GflQ87:DflE:=>7:5fl1C;7SwW5bM0GflYP7:;>=:Ha´G¬S-S/KGflH2HAE:=>R87B:7@/K1Ò@305fl147:9
φ−1
dµi
dθi
= E(Y 2i )− [b′(θi)]2 = V ar(Yi).
Éj;/KG697:DflE:=V´R014HI?A/K1CL0Q01CD}E:=z`1430=P;V17@9<-87@/A7Q0;>7B@7:/21\}BPG69#7:94Gfl7@? ':/K17fi?AGfl;V=PH;9
Y ∼ Binomial(n, µ),
fY (y) =
(
n
y
)
µy(1− µ)y
= exp
{[
y log
(
µ
1− µ
)
+n log(1− µ)
]
+ log
(
n
y
)}
.
ÎG6;>=:H_G63Z?bE:=VQ0G 9
φ = 1
O-87:/AÒ@;>G%?A/K=[R0G!R01CHK-Gfl/2HAE:=©w
θ = log
(
µ
1−µ
)
ONOQ030DflE:=VR0G!9414YP7:D}E:={5}7:30Ï:30145fl7Z©%w
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
b(θ) = n log(1 + eθ) = −n log(1− µ) w
b′(θ) = n e
θ
1+eθ
= nµ
w
c(y, φ) = log
(
n
y
)
w
V ar(y) = φ−1 dµ
dθ
= nµ(1− µ) w
η = g(µ) = log
(
µ
1−µ
)
= x′iβ
w
µ = e
x
′
iβ
1+ex
′
i
β
c
,¾NOQS30D}E:=
b′′(θ)
R0G6B:GR0G6-<G630R0Gfl/{HK=P;VGfl3Z?AGVR0G
µ
cŁi°7@/A7	=5}7@HK=tR07	R01CH2?A/214L0QS14D}E@=	z`1430=P;V17@9 w
?AG6;>=:HTGfl3Z?bE:=VQ0G
Y ∗ = Y/n
-<G6/2?KGfl3056G{´N 7:;V494147fiG¬W-<=P3SGfl305617:9 c
ÍnGkgK7:;V=PHj56=P;>=J¯85fl7:; 7:HeNOQS30DflGflHn/KG%NOGfl/2Gfl3Z?AG6H+´JR014HI?A/214L0Q01CD}E:=R0G_i=P1CHKHK=:3>-87@/A7JQ0;>7B:7@/K1\}B:Gfl9 9
Y ∼ Poisson(µ),
fY (y) = e
−µ µ
y
y!
= exp{[y log µ− µ]− log(y!)}.
Î²Gfl;V=PHUGfl3Z?bE:=[Q0G%9
φ = 1
O-87:/AÒ@;>G%?A/K=[R0G!R01CHK-Gfl/2HAE:=©w
θ = log µ
ONOQ03SD}E:=VR0G!941CYZ7:D}E@=F5}7:3SÏP30145fl7Z©%w
b(θ) = eθ = elog µ = µ
w
b′(θ) = eθ = µ
w
c(y, φ) = − log(y!) w
V ar(y) = φ−1 dµ
dθ
= µ
w
η = g(µ) = log µ = x′iβ
w
µ = ex
′
iβ
c
 : :  5	* fl 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·[ffA·  ½ #"fl¿ &fi(+*! ¼Ł{½ &JÂ)¿ º+ ÈÂ{½
mWG
Y1, ..., Yn
ofiQ0;>7>7:;V=PHI?A/A7[R0GfiB:7@/K1\}B:Gfl14H_7:9CG}7@?6'P/K147:HT143SR0Gfl-Gfl30RSGfl3Z?AG6H'5fl=P;;VoflRS17:H_R01CNOG6/KG63?KGflH6w
94=:YP=0wS30E:=[HAE:=V14R0G63Z?A145fl7:;VGfl3Z?AGJR01CH2?K/K14LSQ04R87@Hflce, NOQ03SD}E:=VR0GJBPG6/K=PH2HK14;V149CM87:30Dfl7Fo!R87:R87-=P/
L(y; θ, φ) =
n∏
i=1
exp{φ[yiθi − b(θi)] + c(yi, φ)}
= exp{
n∑
i=1
φ[yiθi − b(θi)] +
n∑
i=1
c(yi, φ)}.
ÎG6;>=:H_G63Z?bE:=VQ0G!=>9C=PYZ7:/21C?A;V=fiR87[NOQS30D}E:=[R0GJB:Gfl/K=:HKHK1C;>1C94M87@30D}7Fo!R87:RS=>-=P/
`(y; θ, φ) = log{L(y; θ, φ)} =
n∑
i=1
φ[yiθi − b(θi)] +
n∑
i=1
c(yi, φ).
 Wc :©
|aHK7:30R0=[=PH+/2GflH2Q09C?A7:R0=PH+Y:Gfl/A7@14HXRSG'BPGfl/2=PHKH214;V149CM87:30Dfl7)Q0G'B@7:94G6;ÀH2=PL7:H+56=P30R01CDflGflH+RSGJ/KGflY:Q097¦]
/K1CR87:R0GJHK7@?A1CH2NOG61C?b7@HT-<G697{N 7:;V49C17)G¬W-<=P3SGfl305617:9 w
E
(
∂`
∂θ
)
= 0 e − E
(
∂2`
∂θ2
)
= E
(
∂`
∂θ
)2
,
 Wc P©
,YP/2GflHI?A1² @ÑPÑP³Z©#;>=PHI?A/K7'QSG_-07:/A7'Q0;>7'=PL0H2Gfl/IB:7@D}E:=
yi
7'H2Q87!5fl=P3Z?A/214L0QS14D}E@='-87:/K7!=J9C=PYZ7:/21C?K;>=
R87FBPG6/K=PH2HK1C;>1C94M87:3SD}7Fo!R87:R87[-=P/
`i = φ[yiθi − b(θi)] + c(yi, φ) e
∂`i
∂θi
= φ[yi − b′(θi)] , ∂
2`i
∂θ2i
= −φb′′(θi).
,-09C145fl7:30R0=[GflHI?AG6Ha/2GflHKQS9C?b7@R0=PHTGfl; Wc Z©X-87:/K7Q0;7v03S145}7=PLSHKGfl/IB@7:D}E:=Sw
E
(
∂`
∂θ
)
= E(φ[Yi − b′(θi)]) = 0 ou E(Yi) = b′(θi) e
E
(
∂`
∂θ
)2
= E(φ[Yi − b′(θi)])2 = φ2V ar(Yi) = φb′′(θi).
lGflHI?b7[NO=P/K;>7
V ar(Yi) = b
′′(θi)/φ
wS=PQ	H2GkgK7Sw 7FNOQ03SD}E:=
b(·) R0G6?KGfl/K;V14307F=PHU;>=P;VGfl3Z?K=PHTR0G Yi c
,fG6H2?A1C;7@D}E:=fiR0=PH`-87:/AÒ@;>G%?A/K=:H`R0=fiBPG%?A=P/
β
-<G694=);>o%?A=R0=)R07{;\^¬S1C;7'B:Gfl/K=:HKHK1C;>1C94M87@30D}7!5fl=P3]
HK1CH2?KGFGfl;Gfl3056=P3Z?A/K7:/J=BPG%?A=P/
βˆ
QSG;7¦¬W1C;>1CflGfi7NOQ030DflE:=ŁR0G{B:Gfl/K=:HKHK1C;>1C94M87@30D}7Sw=PQ=9C=PYZ7:/21C?K;>=
R0G6H2?b7Wc
Å^  
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mWGJ?AG6;>=PH
n
=PLSHKGfl/IB@7:DflGflH_1430RSGfl-Gfl30R0G63Z?AGflH6w
`(β) =
n∑
i=1
`i =
n∑
i=1
φ[yiθi − b(θi)] +
n∑
i=1
c(yi, φ).
st7¦¬W14;V14fl7:30R0=[7FB:Gfl/K=:HKHK1C;>1C94M87@30D}7Sw
∂`(β)
∂βj
=
n∑
i=1
∂`i
∂βj
= 0.
,-09C145fl7:30R0=V7/KG6YP/A7R87[5}7:RSGfl17-87@/A7Q0;>7F=PL0HKG6/2B@7:DflE:=,9
∂`i
∂βj
=
∂`i
∂θi
∂θi
∂µi
∂µi
∂ηi
∂ηi
∂βj
.
mS7:LGfl;V=PHUQ0G
∂`i
∂θi
= φ[yi − b′(θi)] , µi = b′(θi) ⇒ ∂`i
∂θi
= φ[yi − µi];
∂µi
∂θi
= b′′(θi) = φV ar(Yi) ⇒ ∂θi
∂µi
=
1
φV ar(Yi)
;
ηi = g(µi) ⇒ ∂µi
∂ηi
depende de g(µi);
ηi =
∑
j
βjxij ⇒ ∂ηi
∂βj
= xij.
i=P/I?b7:3Z?K=0w8-87:/K7[QS;7=PL0H2Gfl/IB:7@D}E:=
i
w0?KGfl;V=PHTQ0G
∂`i
∂βj
=
∂`i
∂θi
∂θi
∂µi
∂µi
∂ηi
∂ηi
∂βj
= φ(yi − µi) 1
φV ar(Yi)
∂µi
∂ηi
xij =
(yi − µi)
V ar(Yi)
∂µi
∂ηi
xij.
 Wc ­Z©
,HUGflQ87@DflGflH_R0GJBPGfl/2=PHKH214;V149CM87:30Dfl7{¯85}7:;
n∑
i=1
(yi − µi)
V ar(Yi)
∂µi
∂ηi
xij = 0 , j = 1, ..., m.
,;>7@?A/214VR0G5fl=¨B@7:/21Ò:305617	7:HKH2143Z? ':?K145fl7	R0=G6H2?A1C;7@R0=P/fiR0GBPG6/K=PH2HK1C;>1C94M87:3SD}7
βˆ
oR87:R87t-Gfl947
143ZB:Gfl/KHK7VR07V;>7@?A/214'RSGfi1C3SNO=P/2;7:DflE:=FR0G
p
1CHKM0G6/flw J cjÍh7:9CG'-87:/K7V7N 7:;V49C17!G%¬W-<=:30Gfl305617:9
E
(
∂2`i
∂βj∂βk
)
= −E
(
∂`i
∂βj
)(
∂`i
∂βk
)
= −E
(
(Yi − µi)xij
V ar(Yi)
∂µi
∂ηi
(Yi − µi)xik
V ar(Yi)
∂µi
∂ηi
)
= − xijxik
V ar(Yi)
(
∂µi
∂ηi
)2
.
 : :  5	* fl 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 Å¨
st7:HT?KGfl;V=PHTQ0G:w
`(β) =
n∑
i=1
`i e wi =
(
∂µi
∂ηi
)2
1
V ar(Yi)
,
Gfl3Z?AE:=
E
(
− ∂
2`(β)
∂βj∂βk
)
=
n∑
i=1
xijxik
V ar(Yi)
(
∂µi
∂ηi
)2
=
n∑
i=1
xijwixik.
ÉjHK5fl/2G6B:Gfl30R0=Ł307NO=:/K;>7F;7@?K/K1C5fl17@9 wG%¬W-0/2GflHKHK7:;V=PH7;>7@?A/214'RSGfixy3WNO=P/K;>7:D}E@=R0G
p
14H2M0Gfl/
J = −E
(
∂`2(β;y)
∂βj∂βk
)
= X′WX,
 Wc ±:©
?b7:9ÈQ0G
W = diagonal{w1, ..., wn} c
,H2HK14;7V;>7@?A/214aR0GJB:7@/K1Ò@305fl147¦]y56=^B@7:/21Ò:3S5fl17fiR0G
βˆ
ofiR07:R87[-<=P/
Cov(βˆ) = J −1 = (X′WˆX)−1.
,ÀH2=P94QSD}E:=R87:HfiGflQ87:D6WG6H{R0G[BPG6/K=PH2HK1C;>1C94M87:3SD}7Ł-87:/K7
β
oVNOG61C?A7-=P/!Q0;;Vo6?K=WR0=1C?KGfl/K7@?A1uBP=0c
,Y:/KGflHI?A1F :ÑPÑ:³Z©[1C30145617:9C;>G63Z?AG30=PH;V=PHI?A/A7 5fl=P;V= ¯85fl7:/K147 7 G6H2?K14;>7:D}E:= Q0HA7:3SR0= = ;Vo6?A=R0= R0G
aG T?A=P3]kq_7:-0M0H2=P3cjÉjH2?KGaoUQ0; ;>o%?A=R0=!5fl9\@HKHK1C5fl=!-87:/K7J=fi5fl\:9456Q094=!R0GU6Gfl/K=:HhRSGUNOQS30DflGflH6chmWGflYPQS30R0=
ÌX9\@Q0R014=)GJst7@/K143SHJIÅ}ÆPÇPÇZ©wWH2G'Q0Gfl/2Gfl;V=PH+Gfl3S5fl=P3Z?A/K7:/+={B@7:9C=P/
x
Gfl;¾QSG!7)NOQ030DflE:=
f(x)
H2GJ7:3Q097Ww
7FN 'P/K;{Q097FR0Gfi_G T?A=:3	=PQ=[;>o%?A=R0=R87:HT?A7:30YPG63?KGflH_o!R87:R0=[-=P/9
x(t+1) = x(t) − f(x
(t))
f ′(x(t))
.
 Wc ³P©
Gfl; QSG
t
1430RS145}7[7
t
]yo6HK1C;7F1u?AGfl/K7:D}E@=0c
7{G6H2?K14;>7:D}E:=)R0GaB:Gfl/2=PHKH214;V1494M07:30D}7!GflHI?b7:;V=PH`-0/K=5flQ0/K7:30R0={=PH`B@7:9C=P/KG6H`R0G
β
Q0G';>7¦¬W14;V14flG6;
`(β)
w8=PQHKGygK7Sw8Q0Gfl/2Gfl;V=PHUGfl3056=P3Z?A/K7:/U=PHTB:7@94=P/2GflHTR0G
β
QSG)7@3QS94Gfl;
`′(β)
c
,-09C145fl7:30R0=[Gfl; Wc ³Z©`?AG6;>=:H
β(t+1) = β(t) − `
′(β)
`′′(β)
.
, -0/K1C;>G614/A7)R0Gfl/21CB@7:R87R0=[94=:YZ7:/K1u?A;V={R87BPG6/K=PH2HK1C;>1C94M87:3SD}7Fofi75bM87:;>7:R87FNOQ030DflE:=[GflHK56=P/KG
u′ =
(
∂`(β)
∂β1
, ...,
∂`(β)
∂βm
)
,
GV7ŁHKGflY:Q030R87R0Gfl/21CB@7:R87ŁR0=94=PYP7:/K1u?A;V=R87BPG6/K=PH2HK1C;>1C94M87:3SD}7ŁoV75bM07:;7@R87Ł;7@?K/K1CaG6HKHK147:387 H
5fl=:;Gfl3Z?A/K7:R87:H
Hab = ∂`
2(β)
∂βa∂βb
, ou
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;>7@?A/214'R0G!1C3SNO=P/K;>7:DflE:=FR0G
p
1CHKM0G6/T=PL0HKG6/2B@7:R87Wc
dÀ-87:H2HK=
t
30=-0/2=W56GflHKH2=	1u?AG6/A7@?K1CBP=
t = 0, 1, 2, ...
7:-0/K=}¬W14;>7
`(β)
-<G6/2?A=R0G
β(t)
w²G[=-87:H2HK=
(t + 1)
30=[-0/K=5flG6HKH2=>1u?AGfl/K7@?A1uBP=[oJR87:RS=>-=P/
β(t+1) = β(t) − [H(t)]−1u(t).
,HU1C?KGfl/K7:DflGflHU-0/2=W56GflR0G6;7@?Ao!Q0Gfi7:H_7:9u?AGfl/K7:DflGflHTG6;
`(β(t))
H2GkgK7:; ;FQ01C?K=-<G6Q0Gfl387@Hflc
Íh7:;V=PHTR87:/UQ0;G¬WGfl;V-094=[Q0HK7:30R0=VQ0;-0/2=PL09CGfl;>7F5fl=P30MSGfl5fl1CR0=0c`dB@7:9C=P/+Q0Gfi;7¦¬W1C;>1C}7F7FBPG]
/K=:HKHK1C;>1C94M87@30D}7R0G)Q0;7[=PL0H2Gfl/IB:7@D}E:=
y
RSG{Q0;>7>R01CH2?K/K14LSQ014DflE:=VzX1430=:;>147:9
(n, pi)
o
y/n
c+ÍnGkgK7:;V=PH
GflHI?AGfi;>G6HK;V=5}\:9C5flQ09C=Q0HA7@30R0=V=>;Vo6?K=WR0=RSG)_G T?K=P3W]kq_7:-0MSHK=P3c
mS7:LGfl;V=PHUQ0G
`(pi) = y log pi + (n− y) log(1− pi) + log
(
n
y
)
,
`′(pi) =
y
pi
− (n− y)
(1− pi) =
(y − npi)
pi(1− pi) ,
`′′(pi) = −
[
y
pi2
+
(n− y)
(1− pi)2
]
,
G!5}7:R07[-07:HKH2=R871C?KGfl/K7:D}E:=F?KGfl;«7FNO=P/2;7
pi(t+1) = pi(t) +
[
y
(pi(t))2
+
(n− y)
(1− pi(t))2
]−1
(y − npi(t))
pi(t)(1− pi(t)) .
mWGF1C30145617:/2;>=PHU56=P;
pi(0) = 1/2
BPGfl/21C¯85fl7:;V=PHQ0G
pi(1) = y/n
G{=PH'-S/6'}¬W14;V=PH-87@HKHK=:H'5fl=P3Z?K1u]
3Q87:;1CYPQ87:1CHT´
y/n
w0=:Q	H2GkgK7Sw@gK\5bM0G6YZ7:;V=PHT387[/KGflH2-<=:H2?b7[5fl=:/K/KG%?b7-87:/K7
pi
c
|a;=PQW?A/K=;Vo6?K=WR0=-87@/A7Gfl3056=P3Z?A/A7@/fi=:HfiG6H2?K14;>7:R0=P/2GflH!R0G[;\^¬S1C;7B:Gfl/2=PHKH214;V1494M07:30D}7Ło[=R0=
GflH25fl=P/2GR0G
p
14HKMSGfl/flct,T=r143ZBPo6HFR0GQW?A149C14fl7:/K;V=PH!7t1C3SNO=P/K;>7:DflE:=	RSG
p
14H2M0Gfl/)=PL0H2Gfl/2B@7:R07SwjQ0HA7@;>=PH{7
143WNO=P/K;>7:D}E@=FR0G
p
14H2M0Gfl/TG6HK-Gfl/K7:R87Sw J cj, G%¬W-0/KG6HKHKE:=R0=[5fl\:9456Q094=1u?AGfl/K7@?A1uBP=¯85fl7:9
β(t+1) = β(t) + [J (t)]−1u(t) ou
J (t)β(t+1) = J (t)β(t) + u(t).  Wc 4:©
É°¬S1CH2?KGFQ0;>7>/KG697:DflE:=G63Z?A/KG{GflH2?KGF;Vo6?A=R0=>G{=R0G)GflHI?A14;>7:DflE:=-=P/_;>C3014;V=PHUQ87:R0/K7:R0=PHa-<=P3]
R0G6/A7:R0=:HflchÐÈGfl;FL0/K7:30R0=[Q0G
uj =
∂`
∂βj
=
yi − µi
V ar(Yi)
∂µi
∂ηi
xij e wi =
(
∂µi
∂ηi
)2
1
V ar(Yi)
,
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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G';FQS9C?A1C-0941C5}7:3SR0=)=3Q0;VGfl/K7:R0=P/XG'=R0Gfl3S=P;>1C387:R0=:/`R87F-S/K14;VGfl1C/A7fiGflQ87:DflE:=V7:5fl1C;7fi-<=P/ ∂µi
∂ηi
wS?AG6;>=:H
Q0G
uj =
yi − µi
V ar(Yi)
xij
(
∂µi
∂ηi
)2
∂ηi
∂µi
= xijwi(yi − µi)∂ηi
∂µi
.
,H2HK14;w0=V97:RS=R014/2Gfl1C?K=R0G> Wc 4P©X-=WRSGJHKGfl/UG6HK5fl/21C?K=>56=P;>=
J (t)β(t) + u(t) = X′W(t)Xβ(t) + u(t)
= X′W(t)
n∑
i=1
xijβ
(t)
j +
n∑
i=1
xijwi(yi − µ(t)i )
∂η
(t)
i
∂µ
(t)
i
= X′W(t)z(t),
=P30R0G
z(t)
o!R87:R87-=P/
z(t) =
n∑
i=1
xijβ
(t)
j + (yi − µ(t)i )
∂η
(t)
i
∂µ
(t)
i
= η
(t)
i + (yi − µ(t)i )
∂η
(t)
i
∂µ
(t)
i
.
i°7:/K7fi?K=WR0=
i
w
zi
oaQS;7JNO=P/K;>7J941C30G}7:/214fl7:R87'R87!NOQ030D}E@=)R0G_941CYZ7:DflE:=
g
wW7}B@7:9C17:R07'Gfl;
yi
=PQVHKGkgK7Ww
g(yi) ∼= g(µi) + (yi − µi)g′(µi) = ηi + (yi − µi)∂ηi
∂µi
= zi.
lG6H2?b7NO=P/2;7Sw07[G6Q87:D}E@=r Wc 4:©X-87:/A7=[GflH25fl=P/2G)RSG
p
14HKMSGfl/U7:H2HKQ0;VGfi7[NO=P/2;7
X′W(t)Xβ(t+1) = X′W(t)z(t),
Q0G{HKE:=Ł7:HaGflQ87:D6WG6H'Q0HK7:R87:Ha-87:/A7>7^g2Q0HI?b7:/aQ0;«;>=R0Gfl9C=[94143SG}7:/U-=P/a;V43S14;V=PHTQ87:R0/K7:R0=PHa-<=P3]
R0G6/A7:R0=:H'-87:/K77>B@7:/K14\}BPGfl9²/KG6HK-=PH2?A7
z(t)
Q87:30RS=7;7¦?A/K1C)RS=;>=R0G694=Vo
X
G
W(t)
o71C3B:Gfl/2HA7
R87;>7@?A/214'R0G!56=^B@7:/21Ò:3S5fl17Wce, HK=P9CQ0D}E:=[R87@H_G6Q87:DflGflHUo!R87:R07V-=P/9
β(t+1) = (X′W(t)X)−1X′W(t)z(t).
,¾B@7:/21\}BPG69n/KGflH2-<=:H2?b7	7^g2Q0HI?b7:R87
z
?KGfl;G694Gfl;VGfl3Z?K=PH
i
7:-0/2=}¬S1C;7@R0=PHJ-=P/
z
(t)
i
-87:/K7	=-87:HKH2=
t
R0=V-0/K=5flG6HKH2=1C?KGfl/A7¦?A1CB:=0c`Én;5fl7:R87V-87:HKH2=>N 7:]yH2G)Q0;>7[/KGflY:/KGflH2HAE:=>R0G
z(t)
Gfl;
X
5fl=P;-GflH2=PH
W(t)
-87:/K7'HKGT=PLW?AGfl/jQS;73S=^B@7'G6H2?A1C;7¦?A1CB@7
β(t+1)
cjÉjH2?A7!G6H2?K14;>7@?A1uB:7UNO=P/K3SGfl5flGTQS;30=¨B:=fi-S/KGflRS1C?A=:/e941C30G}7:/
η(t+1) = Xβ(t+1)
G!Q0;>7[3S=^B@7/KG6HK-=PH2?A77^g2QSH2?b7@R87Sw
z(t+1)
w8-87@/A7=[-0/6'}¬W14;V=-87:H2HK=0c
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Q87:R0/K7:R0=PHn-=P30R0G6/A7:RS=PHflw30=PHnQ87:1CHn7fi;>7@?A/214+RSG_-GflH2=PHh;FQ0R87!7J5}7:R07fi-87@HKHK=ScnÉnHI?AGUo_=fi5bM07:;7@R0=
;Vo6?A=R0=1u?AGfl/K7@?A1uBP=[R0G!;V4301C;>=PHhQ87:R0/K7:R0=PHU/2G%]y-=P30RSGfl/A7@R0=PHflc
|a;>7{;>7:30Gfl1C/A7fiHK14;V-09CGflHhR0G'5fl=:;>G6D}7:/`=F-0/K=5flG6HKH2=V1u?AG6/A7@?K1CBP=)oQ0HK7:/+=PHXR87:R0=PH
y
56=P;V={GflHI?A1C;7¦]
?A1uB@7V-87@/A7
µ
c_xyH2?K=R0G6?KGfl/2;>1C387>7>-0/K1C;>G614/A7G6H2?A1C;7¦?A1CB@7-87:/K77;>7@?K/K14!R0G)-<G6HK=PH
W
G{-=P/2?A7:3Z?A=
7GflHI?A14;>7@?K1CB@7{143S145fl147:9RSG
β
c
mWG7NOQ03SD}E:=RSGF941CYZ7:D}E@=>QS?K149C14}7@R87[NO=:/'7NOQ030DflE:=5fl7:30ÏP301C5}7Sw7:-87:/2Gfl56Gfl; 7@94YPQ0;>7:H_HK1C;>-09C1C¯85fl7¦]
DflGflH6cnÎG6;>=PH
ηi = θi =
∑
j=1
βjxij.
Éj; Wc P©n-=R0Gfl;V=PHhGfl3056=P3Z?A/A7@/X5}7@HK=PH+G6;®QSG=)B@7:9C=P/nR0G
φ = 1
w5fl=P;V={-=P/hG%¬WGfl;V-094=)-87:/K7{7
/KG6YP/KG6HKHKE:=[R0G!i=P1CHKH2=P3cj, -87@/2?AGJR07{BPGfl/2=PHKH214;V149CM87:30Dfl7)Q0G!Gfl3ZBP=:9CBPGJ=:HTR87:R0=PH`¯85}7Gfl3Z?AE:=
∑
yiθi
w
Q0GfiHK14;V-09C1C¯85fl7:;>=:H`-87@/A7
∑
i
yiθi =
∑
i
yi
(∑
j
βjxij
)
=
∑
j
βj
(∑
i
yixij
)
.
lGflHI?b7NO=P/K;>7SwW7GflH2?A7@?ACH2?K145}7)HKQS¯85614G63?KG!-87:/A7G6H2?A1C;7@/
β
o
∑
i yixij
-87@/A7
j = 1, ..., m
cni7:/A7
7FNOQ030DflE:=>RSGfi9C14YZ7@D}E:=F5fl7:30ÏP3S145}7Ww
∂µi
∂ηi
=
∂µi
∂θi
=
∂b′(θi)
∂θi
= b′′(θi).
,H2HK14;w# Wc ­Z©X-<=R0G!HKG6/_G6HK56/K1C?A75fl=P;V=
∂`i
∂βj
=
yi − µi
V ar(Yi)
b′′(θi)xij = (yi − µi)xijφ.
 'Q87:30R0=
φ
o!14R,+63Z?A1456=[-87:/A7F?K=WR87@HU7:HU=PL0HKG6/2B@7:D6WG6Hflw7:HTGflQ87@DflGflH_R0GJBPGfl/2=PHKH214;V149CM87:30Dfl7FHAE:=∑
i
xijyi =
∑
i
xijµi , j = 1, ..., m.
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R87FBPG6/K=PH2HK1C;>1C94M87:3SD}7{¯85fl7:;
∂2`i
∂βj∂βk
= −φxij ∂µi
∂βk
,
Q0Gfi38E:=[R0Gfl-Gfl3SR0Gfl;;>7:14HXR87:HU=PL0H2Gfl/2B@7:D6WG6H
yi
w8-=P/I?b7:3Z?A=Sw
∂2`(β)
∂βj∂βk
= E
(
∂2`(β)
∂βj∂βk
)
.
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H0 : βj = 0, j = 1, . . . , p;(
βˆj
dp(βˆj)
)2
∼ χ21.
dRSGflH2B1C=V-07:R0/AE@=R0GJ5}7:R07[-07:/AÒ:;VG6?K/K=
βj
GflH25fl/K1u?A=[5fl=:;>=
dp(βˆj)
oJR07:R0=-Gfl97F/K7:14Q07:R0/A7@R87R0=
gk]yo6HK1C;>=G694Gfl;VGfl3Z?K=VR07[RS17:YP=:387:9-S/K143S5fl14-07:9R0=[143ZB:Gfl/KH2=R87;>7@?A/214'RSGfixy3WNO=P/K;>7:D}E@=R0G
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14H2M0Gfl/6c
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Lofl; =	7^g2Q0HI?AGVR0=	;V=R0Gfl9C=0w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N 7:;V49C17ŁG%¬W-=P30Gfl3S5fl17@9 wn7GflHI?b7@?K4H2?K145fl7 −2 log λ(y) 56=P3ZBPGfl/2YPG-87:/K7rQ0;7	R014HI?A/K1CL0Q01CD}E:= χ2n−p
wnGfl;
Q0G
λ(y) =
L(µˆ; θ, φ)
L(y; θ, φ)
,
n
o_=fi3v0;VGfl/K=fi?A=:?A7:98R0G_1430RS1CB4R0QS=PHj387fi7:;>=:H2?A/K7JG
p
=fi3vS;>G6/K=)?K=:?b7@98R0GU-87:/AÒ@;>G%?A/K=:HhG6H2?K14;>7:R0=PH6c
i=:/Kofl;w8GflHI?AG!/KG6HKQ09u?b7:RS=V30E:=VB@7:9CG'Q87:30RS=>=V3v0;>G6/K=[R0G!-87:/KÒ:;VG6?A/2=PHU7:Q0;VGfl3Z?A7g2QS3?K=>56=P;=
n
c
ÎG6;>=:HXQ0G
L(y; θ, φ)
o7fiB:Gfl/K=:HKHK1C;>1C94M87@30D}7!R0={;V=R0Gfl9C=)HK7@?AQ0/K7:R0=0wGfl3SQ07:3Z?A=Q0G
L(µˆ; θ, φ)
ofi7FBPGfl/2=PHKH214;V149CM87:30Dfl7FR0=>;V=R0Gfl9C=7^g2Q0HI?b7:R0=Sch,À£¨¥ ¡:b`oJR87:R07V-=P/
D(y, µˆ) = −2 log λ(y) = −2[`(µˆ; θ, φ)− `(y; θ, φ)] = 2[`(y; θ, φ)− `(µˆ; θ, φ)]
= 2φ
{ n∑
i=1
[yiθi − b(θi)]−
n∑
i=1
[µˆiθi − b(θi)]
}
.
 Wc ÇP©
i=P/XG%¬WGfl;V-094=SwS-87:/K7F7{R01CH2?K/K14LSQ014DflE:=)3S=P/K;>7:9R0G'Q0;>7fiB@7:/21\}BPG695fl=:;¾B@7:/21Ò:305617!5fl=P3SM0Gfl5614R87
σ2
w
f(y, µ) =
1√
2piσ2
exp
(
−(y − µ)
2
2σ2
)
.
d9C=PYZ7:/21C?K;>=)R87[B:Gfl/2=PHKH214;V1494M07:30D}7Fo!R87@R0=[-<=P/
`(µ, y) = −1
2
log(2piσ2)− (y − µ)
2
2σ2
.
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mWG
µ = y
w0=B@7:94=P/X;\¦¬W1C;>=7@945}7@30D}7:RS=V-Gfl9C=[94=PYZ7@/K1C?K;>=fiR87BPG6/K=PH2HK14;V149CM87:30Dfl7Fo
`(y, y) = −1
2
log(2piσ2),
G!=[R0GflHIBW1C=
D(y, µ) = 2[`(y, y)− `(µ, y)] = (y − µ)
2
σ2
.
i°7:/K7=PH;>=R0G694=PH)5fl=P30H214R0G6/A7:RS=PHflw
`(y, y)
oŁ=rB:7@94=P/);\¦¬W1C;>=	R0=~94=PYZ7@/K1C?K;>=R87rB:Gfl/K=:HKHK1C;>1]
94M07:30D}7fiQ87:30R0==:H`B@7:94=:/KGflH`7^g2Q0HI?b7:RS=PH+HAE@=F14YPQ07:14H`7:=PHhB:7@94=P/2GflHh=PL0HKG6/2B@7:R0=:Hflcni=:/2?b7@3?K=0wS={;>G694M0=P/
;V=WR0G694=7^g2Q0H2?A7:R0=Ło7@QSGfl94G{5fl=P;=;>\¦¬W14;V=
`(µ, y)
w=PQHKGygK7Sw;VGfl30=P/_B@7:94=P/_R0G
D(y, µ)
c,a- 'PH
7 H2Gfl9CGflD}E@= R0= ;>G694M0=P/56=P3¦g2Q03Z?K= R0GB:7@/K1\}B:Gfl14HVG%¬W-09C145fl7@?A1uB:7@Hflwh= -0/0'¨¬W1C;>= -87:H2HK= o5fl=P;V-87:/K7:/V7
£¨¥ ¡:b`R0=PHU-=PHKH2CBPG614HU;V=WR0G694=PH6wWB:Gfl/K1u¯85}7@30R0=VGfl;Q87:9ÈRSGfl94G6HUGfl97o!;V4301C;7Sc
d'QS?A/K7[;VGflRS14R87Q0HK7:R87[-87:/A756=P;>-07:/A7:/X=7^g2QSH2?AG!R0G!;V=WRSGfl94=:H+o!=V=V5fl/21C?Kofl/K1C=F,xIÌ
9
AIC = −2`(µ, y) + 2m,
Gfl;Q0G
m
oT=J3vS;>G6/K=JR0GT-87@/AÒ:;VG6?K/K=PHGflH2?K14;>7:R0=PH6c°Î7:;FLofl;-0/K=5flQS/A7:;V=PHe=J;V=WRSGfl94=aQ0G+?AG630M87
=[;>G630=P/+B@7:9C=P/+-87:/K7V=[56/K1C?Kofl/214=,xIÌc
ÌX=P;V=;VGflR01CR87_RSGXR01CHK5fl/2Gfl-8Ò@305fl147_?AG6;>=:H²?A7:;FLofl;.=!ÌXM01]yQ87:RS/A7:R0=_R0GXiG}7@/KHK=:3YPGfl30G6/A7:9C14fl7:R0=0w
χ2 =
∑ (y − µˆ)2
V (µˆ)
,
=P30RSG
V (µˆ)
oV7ŁNOQ030D}E@=	R0G[B@7:/K14Ò:305617GflHI?A1C;7:R07-87:/A77R014HI?A/K1CL0Q01CD}E:=Ł56=P;7Q07:9nGflH2?A7:;V=PH!941u]
R87:3SR0=0c'i7:/A77>R01CH2?A/214L0QS14D}E@=_=P/K;>7:9#GflHI?b7G6H2?b7¦?A4HI?A1C5}7>o)14R,+63Z?A145fl7´H2=P;>7>R0=PHQ07:R0/A7@R0=PHRS=PH
/KG6HKCR0Q0=PH6wSGfl3SQ07:3Z?A=Q0G'-87@/A7{7@HXR01CH2?A/214L0QS14DflGflH`i=:14HKH2=P3GzX1430=:;>147:9S?A/K7@?b7^]yHKG_R87{G6H2?A7@?ACH2?A1C5}7fiR0G
iGfl7:/KH2=P3t=:/K14Y:14387:9 c
Éj; /KG697:DflE:=r´	GflH2?K14;>7:D}E@=rR0=r-87@/AÒ:;VG6?K/K=rR0GR014H2-<G6/KHAE@=0w°NO=P/K7:;HKQ0YPG6/K1CR87:H{B@\:/217:H{7:L<=:/KR87¦]
YPG630Hflw'Q0G~;FQSR87:; H2GflYPQ03SR0= 7 R01CH2?K/K14LSQ014DflE:= R0G~-0/K=:L87:L01C9414R07:R0Gt56=P30H214R0G6/A7:R87Wc®a=5}7:H2= R07:H
R01CH2?A/214L0QS14DflGflHXR87FN 7:;>C94147)G%¬W-=P30G6305fl147:9M8\[143Z?AG6/KG6HKHKG!G6;GflHI?A14;>7:/
φ
-87@/A7[7:HTR01CH2?A/214L0QS14DflGflH+a=P/k]
;>7:9 w<a=P/2;7@9xy3ZBPG6/KHK7G=! 7:;>7Sc'i7:/A7Ł7Łi²=P14H2HK=P3GF7ŁzX1430=:;>147:9 w8=-07:/AÒ:;VG6?K/K=RSGFR014H2-<G6/KHKE:=Ło
Q0;cni=P/UG¬SG6;>-S94=0w 7GflHI?A1C;7@?K1CB@7
φˆ−1 = D(y, µˆ)/(n− p) w8=PQHKGygK7Sw7	£¨¥ ¡:b`R01uB14R01CR87F-<G694=PH
YP/K7:Q0HfiR0G>9C14LGfl/2R87:R0G@w²o>Q0HA7@R87	56=P;>=143SR0145fl7:R0=P/K7R07	-0/2GflHKG630D}7	R0G>H2Q0-Gfl/KRS14HK-Gfl/2HAE:=t30=	5fl7:HK=tR87
zX1C30=P;V17:9ÈGFR07Łi=P1CHKHK=:3c P\-87:/K7=5}7@HK=ŁR87<! 7:;>7Sw GflH2?A7Ł38E:=oFQS;7G6H2?K14;>7@?A1uB:7[5fl=:30HK1CH2?AG63Z?AG
HKG6YPQ030RS=i7:Q097 :ÑPÑ:­©c
i°7:/K7>=PHU;V=WRSGfl94=:HTR0Gfii=P1CHKHK=:3w7:3Z?AGflH_R0Gfi-0/K=:HKHKG6YPQ01C/K;V=PHT30=>7^g2Q0H2?KG{-0/2Gfl5614HA7@;>=PH+B:Gfl/21C¯85fl7:/aH2G
7	£¨¥ ¡:bXRS1CB14R01CR87F-Gfl94=:HTYP/A7:QSH_RSG)9C14LGfl/KR07:R0G'ofi-0/6'}¬W14;>7FR87[Q0301CR87:R0G@c+mWG!38E@=VNO=P/6w0-=WR0G6;>=:H
?AG6/XG6HK5fl=:94M01CR0={Q0;>7!R014HI?A/K1CL0Q01CD}E:=fi14387@R0GflQ87:R07)-87:/K7{=PHhR87:R0=:HflwS=:QGflHI?b7:/`R017:3Z?KGaR0=)-0/K=:L094G6;7fiR87
HKQS-<G6/KR01CHK-Gfl/KHKE:=0w8Q0GfiHKG6/A\[;>G694M0=P/+7:387:9C14HA7@R0=30=[-0/6'}¬W14;V=5}7@-0C?KQ094=0c
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HJ5bM07:;7@R87:Ha?Kofl5630145fl7:HJR0GFR0147:YP3,':H2?A1C5fl=/2G6NOG6/KGfl;]yH2GFL87:H2145fl7:;>G63Z?AG´7@38\:941CHKG)R0=PH'/2GflHKCR0Q0=PHJG{R0G
-=P3Z?A=PHU387[7:;V=PH2?K/A7Q0G!-<=:HKHA7@; ?AG6/_QS;7143
8Q,+fl3S5fl17;FQS1C?A=Y:/A7:30RSGJ30=7¨g2Q0H2?KGfiRS=>;V=WRSGfl94=Sc
i=R0Gfl;V=PHU-Gfl30HK7:/UL87:HK1C5}7:;VGfl3Z?KGfiG6;­[/KG6HK4RSQ0=PH9
ÅPc
Yi − µˆi wS=PQ	/2GflH24R0Q0=:H_RSGfi/2GflH2-<=PHI?b7
Wc
rˆPi = (Yi − µˆi)/
√
Vˆi
w8/KGflH24R0QS=PHUR0GfiiG}7@/KHK=:3
Sc
(Yi − µˆi)/(dµi/dηi) w0/2GflH24R0Q0=:HTR0GX¦¦¥  	:wSQ0GJB+6;R0=[v09C?K14;V={G6H2?b\@YP14=R0=[-0/2=W56GflH2HK=V1C?AG6/A7¦]
?A1uBP=
­0c
d(Yi, µˆi)
w/2GflH24R0Q0=:HŁ£¨¥ ¡:b%w#Q0GHKE:=r7/A7:1C>Q87@R0/A7:R07	R0GV5}7:R07	5fl=:;>-=P30G63?KGR87ŁNOQ030DflE:=
R0G6H2B14=
√
D(yi, µˆi)
w#OR0G6¯83S14R87Gfl;  Wc ÇZ©2©%wSGJ=[H214387:9<R0=PHT/2GflHKCR0Q0=PHTHKE:=[=PH+;VGflH2;>=PHTRSGV
Yi − µˆi ©%c
Éj;À/2Gfl97@D}E:={7:=PHX/2GflH24R0Q0=:H+R0=PH+stÐ5! H6w0i°7@Q097Ł :ÑPÑ:­Z©n;V=PH2?K/A7fiQSG'=PHXQ0GGflH2?AE:=;>7:14Hn-0/0'¨¬W1]
;V=PHTR8730=P/2;7:9C14R87@R0G'HAE@=V=:H_/2GflH24R0Q0=:H_-07:R0/K=:3014fl7:R0=PHTR87£¨¥ ¡:b%c
i°7:QS97  :Ñ:Ñ:­©>?b7@;FL<o6; ;V=PH2?K/A7 5fl=:;>=0w_R87:HŁ?Kofl5fl3S145}7@HRSG RS17:YP3:'PH2?K145fl= G¬W14H2?KGfl3Z?AG6Ht-87@/A7 =
;V=WR0G694= 9C1430Gfl7:/569\:H2HK1456=0w_-<=R0G%]ËHKG=PLW?AGfl/?Kofl5630145fl7:H-87:/A7 =:Hts	Ð! Hflcxy301C5fl147:94;VGfl3Z?AGtij/KGflY:14L=P3
IÅ}ÆPÇSÅ^©`G6H2?KGfl30R0G6Qt7F?Kofl5fl3S145}7FRSGfiRS17:YP3:'PH2?K145fl={-87:/A7F=[;V=WRSGfl94=)94=PY:4H2?K1456={GJ;V=PH2?K/K=PQŁQ0G!-=WR0G6;>=:H
Q0HK7:/n7JR017:Y:=P387:9-0/K1C305fl1C-87:9WR87';7¦?A/K1C+R0GT-0/2=¦g2GflDflE:=
H
-87:/K7JR0G6?KGfl56?A7:/j-=P3Z?A=PHnR0GU7:947}B:7@305}7Sci°7@/A7
=PHU;V=WR0G694=PHXYPGfl30G6/A7:9C14fl7:R0=PH6w
H = W1/2X(X′WX)−1X′W1/2.
ÉjH2?b7@H_?Kofl5fl3S145}7@H_-=R0Gfl;ÀHKGfl/_G%¬?KGfl30R01CR87:HU-87:/K7=PHU=PQS?A/2=PHU;>=R0G694=PH+R07[5697:H2HKG!R0=PHastÐ5!JHflc
|a;>7;>G6R014R07Q0G-<=R0GFH2Gfl/JQ0HK7:R87-87@/A7=PHJ;V=WRSGfl94=:Ha38E@=Ł94143SG}7:/2GflH'oF5bM07:;7@R87R0G[7@N 7:HI?b7¦]
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LDi = 2{L(βˆ)− L(βˆ(i))}.
d'QHKGygK7Sw-87:/A7!5}7@R87)Q0;>7!R87:H
n
=PLSHKGfl/IB@7:DflGflHhR87{7@;>=PHI?A/K7JB:Gfl/21C¯85fl7¦]yH2GQ87:9 o_={7@N 7@H2?b7@;>G63?K=
R87{B:Gfl/K=:HKHK1C;>1C94M87@30D}7!?A=:?A7:9
L(βˆ)
Gfl;¾/KG697:DflE:=7:=)B:7@94=P/`R87)BPG6/K=PH2HK1C;>1C94M87:3SD}7{Q0GJH2Gfl/K147{=PLS?K14R87)HKG
7>=:L0HKG6/2B@7:D}E@=
i
RSGflHK56=P30H214R0G6/A7:R87Ww
L(βˆ(i))
cU|_;7[;7@30Gfl1C/A7R0G{=:LS?AG6/aG6H2?AG6HB@7:94=:/KGflHUo{7@?A/K7¨B:oflHaR0G
Q0;>7[7:-0/K=}¬W14;>7:DflE:=-<=:/THKofl/214GJR0G!Î7 /W9C=P/_7@?AoJH2GflYPQS30R87>=:/KR0G6;	c
i=P/VG%¬WG6;>-09C=0wX-07:/A7~Q0;>7NOQS30D}E:=
G
R0GR0Q87:HV5fl=:;>-=P30G63?KGflHt
x
G
y
©%whQSGfl/KG6;>=:H>=PLW?AGfl/V=
B@7:94=:/X7:-S/K=}¬W14;>7:R0=fiGfl;¾HKofl/214GaR0G'Î7 /9C=P/`RSGflHK-S/KGflfl7:30R0=[=PH`B:7@94=P/2GflHhR0G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Î²Gfl;V=PHUGfl3Z?bE:=
G(x, y) ∼= G(x0, y0)+ < (Gx, Gy), (x− x0, y − y0) >
+
1
2
(x− x0 y − y0)
(
Gxx Gxy
Gxy Gyy
)(
x− x0
y − y0
)
.
Íh7:;V=PHTGfl3Z?AE:=>G¬W-87:30R01C/U7FNOQ030D}E@=
L(β)
Gfl; ?K=P/K30=[R0G
βˆ
9
L(β) ∼= L(βˆ) + L′(βˆ)(β − βˆ) + 1
2
(β − βˆ)′L′′(βˆ)(β − βˆ).
i°7@HKHA7@;>=PH
L(βˆ)
-87:/A7[=[97:RS=VG6HKQ0G6/KR0=>R87VG6Q87:D}E@=>G!?AG6;>=PHTQ0GfiHKG
L
ofi7FNOQ030DflE:=>RSG!B:Gfl/2=PHKH21u]
;V1494M07:30D}7WwS7:=[;>7¦¬W14;V14fl\¦]y947Sw
L′(βˆ) = 0
GJ-<=P/I?b7:3Z?K=0w
2{L(β)− L(βˆ)} ∼= (β − βˆ)′L′′(βˆ)(β − βˆ).
mS7:LGfl;V=PH-<=P/T Wc ±P©²Q0GT=aB:7@94=P/GflHK-Gfl/K7:R0=JR0G −L′′(βˆ) 56=P/K/2GflHK-=P30RSGU´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p
1CHKM0G6/flw -<=R0G6;>=PHUH2Q0L0H2?K1C?KQ014/ −L′′(βˆ) 387VGflQ87:DflE:=7:3Z?KGfl/K1C=P/U-<G694=VHKG6QtB@7:94=P/TG6HK-Gfl/K7:R0=G!?A/2=W5fl7:/
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-<=P/
βˆ(i)
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LDi
LDi ∼= 2{L(βˆ)− L(βˆ(i))} ∼= (βˆ − βˆ(i))′{φX′WˆX}(βˆ − βˆ(i)).
 Wc ÆP©
i°7:/K7F=PLS?KGfl/T=PHXB@7:9C=P/KG6HXR0G
βˆ(i)
w0ij/2GflYP1CL<=P3IÅ¨ÆPÇWÅ^©hQS?K149C14fl=:Q77:-0/2=}¬S1C;7@D}E:=)R0GJQ0;¾-87:HKH2=[R0=
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p
14H2M0Gfl/TQ87@30R0=V=>;VGflH2;>=o!143S145fl147:R0=FG6;
β
9
βˆ
1
(i) = β −
rˆPi
√
wˆiφ−1
(1− hˆii)
(X′WˆX)−1xi.
mWQ0LSH2?A1u?AQ01C30R0=V7G%¬W-0/2GflHKHKE:=7@3?KGfl/214=P/TG6; Wc ÆZ©`?KGfl;V=PH
LDi ∼=
(
rˆPi
√
wˆiφ−1
(1− hˆii)
(X′WˆX)−1xi
)′
{φX′WˆX}
(
rˆPi
√
wˆiφ−1
(1− hˆii)
(X′WˆX)−1xi
)
=
rˆ2Piwˆi
(1− hˆii)2
((X′WˆX)−1xi)
′(X′WˆX)((X′WˆX)−1xi)
=
rˆ2Piwˆi
(1− hˆii)2
x′i(X
′WˆX)−1xi
=
(
rˆPi√
(1− hˆii)
)2
1
(1− hˆii)
√
wˆix
′
i(X
′WˆX)−1xi
√
wˆi
= t2Si
1
(1− hˆii)
hˆii .
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hˆii
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c+ÉjHI?b7[o)Q0;>7;>G6R014R07V7@-0/K=}¬W14;>7:R87R87[R014HI?bÒ:3S5fl17R0G!BPG6/K=PH2HK1C;>1C94M87:3SD}7Sc
i°7@Q097Ł :ÑPÑ:­Z©nR01CHK56QS?AG'Q0GGflH2?A77:-0/2=¨¬W1C;7:DflE:=!?AGfl;¾HK1CR0=F1C3B:GflHI?A14YP7:R87{-=P/X-GflH2Q014HK7:R0=P/2GflHflwSG'Q0G
7:-GflHK7:/TR0Gfl947FHKQ0LGflHI?A1C;7:/X=FBPGfl/2R87:R0G614/2=[B@7:9C=P/XRSG
LDi
w87:143SR877:HKH214;¾Gfl947FoJHKQS¯85614G63?KG!-87:/A7F1CR0Gfl3]
?A1u¯85}7@/T-<=P3Z?K=PH_7:L<G6/K/K7:3Z?AGflH6c
i=R0Gfl;V=PH`5fl=P30HI?A/2Q014/`Q0;®YP/A\@¯05fl=F56=P;®=PH`B@7:9C=P/KG6H`R0G
LDi
-87:/K7{5}7:R07{=PL0H2Gfl/2B@7:DflE:=F-87@/A7)1CR0Gfl3]
?A1u¯85}7@/Q87:1CHe=PL0H2Gfl/IB:7@DflGflH°?6+fl;Q0;7_1430Q,+fl305617_YP/A7:3SR0G+30=B@7:9C=P/²R87aBPG6/K=PH2HK1C;>1C94M87:3SD}7ScÈÍnGfl307:L094G6H
GFqU14-S94G;/~IÅ¨ÆPÆ:ÆZ©+HKQ0YPG6/KG6;ª56=P;>=VYP/K\@¯85fl=R0G)RS17:YP3:'PH2?K145fl=V=PH_B:7@94=P/2GflH_R0=PH_/KGflH24R0QS=PHR0G£¨¥ ¡:b
5fl=:3?K/A7[=PH+B@7:94=:/KGflHT9C1430Gfl7:/KG6HT-0/KG6R01C?K=PHflc
|a;>7Ł=PQS?A/K7NOGfl/K/K7:;VGfl3Z?b7ŁR0GV7:38\@9414H2GFo=YP/A\¦¯85fl=R0G[Gfl3ZB:Gfl94=:-<GVHKQ0Y:Gfl/K1CR0=-<=:/!i°7:Q0947  :ÑPÑ@­©%c
dÀ=PLg2G6?A1uBP=	R0=	Y:/A\@¯856=	RSG>G63B:Gfl9C=P-<G>o[YPGfl/K7:/{7R01CH2?A/214L0QS14D}E@=ŁGfl;V-04/2145}7ŁR0=/KG6HKCR0Q0=	7@?A/K7¨B:oflH)R0G
HK1C;FQ0947:DflGflHnHK=:L=);V=R0Gfl9C=)-=PH2?KQ097@R0=)G_5fl=:;>-87@/A7:/h5fl=P; =:H`/2GflHKCR0Q0=PH`-87:R0/2=P301C}7:R0=:H`R87£¨¥ ¡:b
=PL0H2Gfl/IB:7@R0=PH9
tDi =
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w 5fl=P;
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√
n
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√
n(Tn− θ) 56=P3ZBPG6/KYPGJ-87@/A7F7{NOQ03SD}E:=FRS14H2?K/K1CL0Q014DflE:=F7@5flQ0;FQS97:R87fiR0G
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Gfl; R014HI?A/K1CL0Q01CD}E:=0wW=P30R0G
√
n[Tn − θ] D−→ N(0; σ2).
, GflHI?b7@?K4HI?A145fl7
g(Tn)
?b7@;FL<o6;.?AGfl;Q0;>7aR01CH2?K/K14LSQ014DflE:=9C14;V1C?AG@c#i°7:/K7;V=PH2?K/A7:/2;>=PH²14HI?A=0w¦B@7:;>=:H
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g
o)-<G694=V;>G630=PH_R0Q87:H_BPG6flGflH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θ
cU|_HA7:/2Gfl;V=PH'7VG%¬W-87:3SHAE:=
R0G!Î7 /9C=P/T-87:/K7
g
w87}B@7:9C17:R87)3QS;7B14fl1C30M87:3SD}7R0G
θ
cni7:/A7V7:9CYPQ0;
θ∗
G63?K/KG
t
G
θ
w
g(t) = g(θ) + (t− θ)g′(θ) + (t− θ)2g′′(θ∗)/2
= g(θ) + (t− θ)g′(θ) + Op(|t− θ|2).
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mWG
t = Tn
w
g(Tn) = g(θ) + (Tn − θ)g′(θ) + (Tn − θ)2g′′(θ∗)/2
= g(θ) + (Tn − θ)g′(θ) + Op(|Tn − θ|2).
s	Q09u?A1C-0941C5}7:30RS=F=PHUR0=P1CHT97:R0=:H+-<=:/
√
n
G!/KG}7@/K/A7@3¦gK7:30R0=[=PHT?KGfl/K;V=PH6w
√
n(g(Tn)− g(θ)) =
√
n(Tn − θ)g′(θ) +
√
nOp(|Tn − θ|2).
dfv09u?A14;V=J?AG6/K;V=F´)RS14/KG61C?A7fiH2Gfl/A\)R0GflH2-0/KG6flCB:Gfl9 wSQ0;>7fiB:Gfl'Q0G_?AGfl;V=PH`QSG |Tn− θ| oa9C14;V1C?A7:R87'5fl=:;
-0/2=PL87:L01C941CR87:R0G7:9C?A7F=PQ	H2GkgK7Sw
lim
N→∞
lim
n→∞
P (|Tn − θ| ≤ N) = 1.
,H2HK1C; ?AG6;>=PHTQ0G |Tn − θ| P−→ 0 c
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√
n(g(Tn) − g(θ)) ?AG6;7V;>G6HK;>7R014HI?A/214L0Q01CD}E:=V941C;>1u?AGJQ0G
√
n(Tn −
θ)g′(θ)
wS=PQ	;>7:1CH+-0/KG65fl1CHA7:;VGfl3Z?AG@w
√
n(g(Tn)− g(θ)) D−→ N(0; σ2(g′(θ))2).
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σ2 = σ2(θ)
G
g′(θ)
R0Gfl-Gfl3SR0Gfl;R0=
-87:/KÒ:;VG6?A/2=FR0G6HK5fl=:30M0Gfl5614R0=
θ
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σ2 = σ2(·) G g′(·) HKE:={NOQ030D6WG6HT5fl=P3Z?K43Q87:H+G6; θ G σ(Tn) w g′(Tn) HAE@=FGflHI?A14;>7:R0=:/KGflHX5fl=P30H214HI?AGfl3Z?KGflH
R0G
σ(θ)
G
g′(θ)
c l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√
n(g(Tn)−g(θ))/σ(Tn)|g′(Tn)| ?KGfl; R01CH2?A/214L0QS14D}E@=J7:HKH2143Z? '@?A145fl7
30=P/2;7@9-87:R0/KE:=0chd'QHKGygK7Sw
IC100(1−α)% : g(Tn)± zα σ(Tn)√
n
|g′(Tn)|,
=P30RSG
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P (Z > zα = α
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Tn = (Tn1 , ..., TnN )
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θ = (θ1, ..., θN)
′
G';7¦?A/K1CR0G5fl=¨B@7:/K14Ò:305fl147
Σ/n
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g(t1, ..., tN )
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φ = (φ1, ..., φN)
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t=θ
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√
n(g(Tn)− g(θ)) D−→ N(0; φ′Σφ) e
g(Tn)
D−→ N
(
g(θ);
φ
′
Σφ
n
)
.
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ln λ = β0 + β1X1 + β2X2.
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X1 = 1
G
X2 = 1
w
?AG6/KG6;>=PH
λˆ = eβˆ0+βˆ1+βˆ2,
R0GJ?b7@9NO=P/K;>7FQ0G
Tn = (βˆ0, βˆ1, βˆ2)
′
w
g(Tn) = e
βˆ0+βˆ1+βˆ2
w
φβˆ =

∂g
∂β0
∂g
∂β1
∂g
∂β2
 =
 eβˆ0+βˆ1+βˆ2eβˆ0+βˆ1+βˆ2
eβˆ0+βˆ1+βˆ2
 e
Σˆβˆ =
 V ar(βˆ0) Cov(βˆ0, βˆ1) Cov(βˆ0, βˆ2)Cov(βˆ0, βˆ1) V ar(βˆ1) Cov(βˆ1, βˆ2)
Cov(βˆ0, βˆ2) Cov(βˆ1, βˆ2) V ar(βˆ2)
 .
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λ
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IC100(1−α)% : e
βˆ0+βˆ1+βˆ2 ± zα
√
φ′
βˆ
Σˆβˆφβˆ .
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∑
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∑
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∑
i,j µij
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∑
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Á*5DL25,
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P (Xi1 = ni1, Xi2 = ni2, ..., Xir = nir) = Ni!
r∏
k=1
θnik(i)k
nik!
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r∑
j=1
nij = Ni.
0m*96"* 258Z,/./CAu3258fi8LPH* .1C>0>@S@CA0>@CEDL@<8Im>:Q256"*98Z:*96®* 6"*a0A@,/*-0A@SA4T*v0>NADL*ª0>@0>.187DL47./M>NA./Ov@8
RN>,dDL.1C>*96".j25.18l032H0>*ZSi*94
f(n|N, pi) =
2∏
i=1
(
Ni!
r∏
k=1
θnik(i)k
nik!
)
.

87DL256*58;DT4L25M>25,/u32HC>0>*$:*96¥*@}a@<6S>,1*R@<6¥z{N>@
i = 1, 2
I6258(25878T./6 :*96"*¤2HN>6@<CEDF256"*98;258
:Q2DL@G5*94T./258?0>@B47@8TS*98cDF2AIhSi*v0>@<6*98WDF256?MY6 S@C>8T254fi@6
s
8TNAMax©S*9S>N>,/25Ov@8fi.1C>0>@<Si@<C>0>@CEDT@8Z@
@8cDL@<C>0>@4gS3254T2
i = 1, ..., s
]
	 
fffiflffi! #"$	ffi&%'(ffi)ffiff*fl+-,.)(	$ (	
[ 2H,/6"G94T@<C¾cÂ21/ AÂ '0>.18T:NaDL@?6"*a0A@,/*58gS>254L2DL25M@,j2H8e0>@W:*9CEDT./G9k<C>:./2@6 z{N>@?:25032y:258T@<,j2"YUN>62
VH254T./wQV9@,h25,1@Q2HDT|94T./2$[\*9.18T8T*5C¬./CA0>@S@C>0A@CEDL@H]R)e8WVH254T./wQV9@.18;0>*¤6"*a0A@,/*S@47DT@C>:<@6 2R0A*9./8(:*9Cvx
 7N>CEDL*58' N>6 0>@;VH254T./wQV9@.18e47@87Si*98cDF2"@U*9NADT4T*"0>@WVH2547.jwQV9@<./8g@}aS>,1./:Q2DL.1VH258<]'[\254L2"@87DTN>03254e:*96"*258
VH254T./wQV9@.18e47@87Si*98cDF2"0>@S@C>0A@6 03258`V52H4T.jwQV5@./8g@}aS>,1./:2HDL.dV52H8I3:*5C>0>./:<./*9C>2x©87@(*58gDT*5DF25.18`6y2547G9./C>25./8
*9M>87@4cV52H0>*98`C3258+VH254T./wQV9@.18+@}aS>,1./:Q2DL.1VH258<]
0m*9C>87./0>@<4T@6"*98tNA6y2DL25M@,j2"0>@?:<*9CEDL./G5kC>:<.j2:<*96
r
:2HDL@<G9*94T./258g0>@?4T@<8TS*987DL2¨@
s
:Q2DL@G5*94T./258
S3254T2?2UVH254T./wQV9@,i@}aS>,1./:Q2DL.1VH2A]\)§8':258T@<,j258
Yij
032WDL25M@,j2W8LP5*UDT4L2HDL2503258m:*96"*UVH254T./wQV9@.18m.1C>0>@S@Cvx
0>@<C{DT@8`DL@<C>0>*"0>./8cDL4T.1M>N>.1OQP5*Z[*9./878T*9C^I3*5N87@¡ T2AI
Yij ∼ Poisson(µij), i = 1, . . . , r i = 1, . . . , s,∑
Yij ∼ Poisson(
∑
µij) onde
∑
µij = µ.. e
P ((Y11, Y12, ..., Yrs) = (a11, a12, ..., ars)|
∑
Yij = n) =
P (Y = a
⋂∑
Yij = n)
P (
∑
Yij = n)
,
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ars = n− a11 − a12 − ...− aij − ...− ars :*96
i = 1, ..., r
@
j = 1, ..., s
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Yij
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P (Y = a
⋂∑
Yij = n)
P (
∑
Yij = n)
=
P (Y11 = a11)P (Y12 = a12)...P (Yrs = n− a11 − a12 − ...)
P (
∑
Yij = n)
=
e−µ11 (µ11)
a11
a11 !
e−µ12 (µ12)
a12
a12!
...e−µrs (µrs)
(n−a11−...)
(n−a11−...)!
e−µ.. (µ..)
n
n!
=
n!
a11!a12!...ars!
(
µ11
µ..
)a11(µ12
µ..
)a12
...
(
µrs
µ..
)ars
, tal que
µij
µ..
= θij
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θ11, θ12, ...θrs
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Y |Z ∼ Poisson(Z) , i.e., f(y|z) = e−z z
y
y!
1{0,1,...}(y),
Z ∼ Gama(φµ, φ) , i.e., g(z) = φ
φµ
Γ(φµ)
zφµ−1e−φz1(0,∞)(z).
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Z ∼ Gama(ν, µ/ν) , i.e., g(z) = 1
Γ(ν)(µ
ν
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zν−1e−z/
µ
ν 1(0,∞)(z).
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∫ ∞
0
zy+ν−1e−z
ν
µ dz
=
( ν
µ
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y!Γ(ν)
Γ(y + ν)
( ν
µ
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∫ ∞
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( ν
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µ
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Q(µ; y) =
∫ µ
y
y − t
V (t)
dt,
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∂Q(µ; y)
∂µ
=
y − µ
V (µ)
.
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(
∂Q(µ;y)
∂µ
)
= 0
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E
(
∂Q(µ;y)
∂β
)
= 0
.
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E
(
∂Q(µ;y)
∂µ
)2
= −E
(
∂Q2(µ;y)
∂µ2
)
= 1
V (µ)
.
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E
(
∂Q(µ;y)
∂βiβj
)2
= −E
(
∂Q2(µ;y)
∂βiβj
)
= 1
V (µ)
∂µ
∂βi
∂µ
∂βj
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∂µ
)
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y − µ
V (µ)
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= 0.
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∂Q/∂βi = (∂Q/∂µ)(∂µ/∂βi)
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E
(
∂Q
∂βi
)
= E
(
∂Q
∂µ
∂µ
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)
=
∂µ
∂βi
E
(
∂Q
∂µ
)
= 0.
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∂Q
∂βj
)
=
∂µ
∂βi
∂µ
∂βj
E
(
∂Q
∂µ
)2
=
∂µ
∂βi
∂µ
∂βj
E
(
(y − µ)2
(V (µ))2
)
=
1
V (µ)
∂µ
∂βi
∂µ
∂βj
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(
∂2Q
∂βi∂βj
)
= E
(
∂
∂βj
[
∂Q
∂βi
])
= E
(
∂
∂βj
[
∂Q
∂µ
∂µ
∂βi
])
= E
(
∂
∂βj
[
(y − µ)
V (µ)
∂µ
∂βi
])
=
1
V (µ)
E
(
∂
∂βj
(y − µ) ∂µ
∂βi
+ (y − µ) ∂
∂βj
∂µ
∂βi
)
=
1
V (µ)
E
(
− ∂µ
∂βj
∂µ
∂βi
+ (y − µ) ∂
2µ
∂βi∂βj
)
.
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−E
(
∂2Q
∂βi∂βj
)
=
1
V (µ)
∂µ
∂βj
∂µ
∂βi
.
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L(µ; y)
IJ@<CEDFP5* 2
./Cano*94T625OQPH*¬03250>2»Si@<,j2 V5@4T*58T8T.16.1,/u32HC>OQ2¬Y¤6y25.1*94"0>*¾z{N>@ 2»./CAno*9476y2HOQP5* 0325032¾S@,/2¬z{N3258T@ x
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−E
(
∂Q2(µ; y)
∂µ2
)
≤ −E
(
∂L2(µ; y)
∂µ2
)
.
3t2ZS>4T*5S>4T.1@03250A@fiÂ(0A*Á@*947@62BÂ;DT@6"*98`z{N>@ '
E
(
∂Q(µ; y)
∂µ
)
= E
(
Y − µ
V (µ)
)
= 0 ou E(Y ) = µ.
3t2ZS>4T*5S>4T.1@03250A@;£fiDT@6"*98`z{N>@ '
E
(
∂Q(µ; y)
∂µ
)2
= E
(
Y − µ
V (µ)
)2
=
E(Y − µ)2
V (µ)2
=
V ar(Y )
V (µ)2
=
1
V (µ)
ou V ar(Y ) = V (µ).
0m*96"*
∂E(Y )
∂µ
= 1,
S@,j2fi0>@<8T.1G9N325,103250>@t0A@ 0m4T256@<4cx e25*WDL@6"*98
V ar(Y ) ≥ 1
E(∂L(µ;y)
∂µ
)2
,
@;8L25M@6"*98+z{N>@
E
(
∂L(µ; y)
∂µ
)2
= −E
(
∂L2(µ; y)
∂µ2
)
.
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V ar(Y ) ≥ −1
E(∂L
2(µ;y)
∂µ2
)
ou
1
V ar(Y )
≤ −E
(
∂L2(µ; y)
∂µ2
)
mas, V ar(Y ) = V (µ) e − E
(
∂Q2(µ; y)
∂µ2
)
=
1
V (µ)
,
@;0>@8cDF2fino*94T62?6"*987DT4L2x­8T@sz{N>@
−E
(
∂Q2(µ; y)
∂µ2
)
≤ −E
(
∂L2(µ; y)
∂µ2
)
.
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V ar(Y ) = µ(1− µ)
@CEDLP5*>I
Q(µ; y) =
∫ µ
y
y − t
t(1− t)dt =
∫ µ
y
(y − t)
(
1
t
− 1
(1− t)
)
dt
=
[
y ln(t)− t + t− (y − 1) ln(1− t)
]µ
y
=
[
y ln
(
t
1− t
)
+ ln(1− t)
]µ
y
= y ln
(
µ
1− µ
)
+ ln(1− µ)− y ln
(
y
1− y
)
− ln(1− y)
∝ y ln
(
µ
1− µ
)
+ ln(1− µ).
[ 2H4L2"2Z0A./87DT4T.1M>N>./OP5*fi[*9./878T*9C$DL@<6*98
V ar(Y ) = µ
@5I
Q(µ; y) =
∫ µ
y
y − t
t
dt =
[
y ln(t)− t
]µ
y
= y ln(µ)− µ− y ln(y) + y
∝ y ln(µ)− µ.
r
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V ar(Y ) = µ2(1− µ)2
Q(µ; y) =
∫ µ
y
y − t
t2(1− t)2 dt =
∫ µ
y
(
2y − 1
t
+
y
t2
+
2y − 1
1− t +
y − 1
(1− t)2
)
dt
=
[
(2y − 1) ln(t)− y
t
− (2y − 1) ln(1− t) + y − 1
1− t
]µ
y
=
[
(2y − 1) ln
(
t
1− t
)
−y
t
− 1− y
1− t
]µ
y
∝ (2y − 1) ln
(
µ
1− µ
)
−y
µ
− 1− y
1− µ.
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(1 − p) 2H8T8TNA6@"*VH25,1*94s0>@"N>62$VH2547.jwQV9@<,25,/@2HDL|947.j2¨:<*96
0>.187DL47./M>NA./OQPH*fi0>@([\*9.18T8T*5C:<*96b6"Y0>./2
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Y
Y;032H032"S*94
P [Y = y] =

p + (1− p)e−λ, se y = 0,
(1− p)e−λ λy
y!
, se y > 0.
p£A] Ã5
[ 2H4L2Z@87DL2"0A@C>87./03250A@5I 2fi@87Si@<4L25C>O2Y
E(Y ) =
∞∑
y=0
yP [Y = y] =
∞∑
y=1
yP [Y = y]
=
∞∑
y=1
y(1− p)e−λ λ
y
y!
= (1− p)e−λλ
∞∑
(y−1)=0
λ(y−1)
(y − 1)!
= (1− p)e−λλeλ = (1− p)λ = µ.
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E(Y 2)
'
E(Y 2) =
∞∑
y=0
y2P [Y = y] =
∞∑
y=1
y2P [Y = y] =
∞∑
y=1
y2(1− p)e−λ λ
y
y!
= (1− p)
∞∑
y−1=0
ye−λ
λy
(y − 1)!
(y−1=m)
= (1− p)
∞∑
m=0
(m + 1)e−λ
λm+1
m!
= (1− p)
( ∞∑
m=0
me−λλ
λm
m!
+
∞∑
m=0
e−λλ
λm
m!
)
= (1− p)
(
λ
∞∑
m=0
me−λ
λm
m!
+ λ
∞∑
m=0
e−λ
λm
m!
)
= (1− p)(λ2 + λ).
3§@sDF2H,^no*94T62?z{N>@
V ar(Y ) = E(Y 2)− (E(Y ))2 = (1− p)(λ2 + λ)− ((1− p)λ)2
= (1− p)λ + p
1− p((1− p)λ)
2
= µ +
p
1− pµ
2.
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N>62fi0>./8cDL4T.1M>4TNA./OQPH*fi[\*9.18T87*9CRS>250>4LPH*>]
h256"*9825S>4T@<8T@<C{DL254*98R6"*v0>@,1*98  ,¡[~:*56*¿0>@87:47.1DL*58S*94 256?M@4cD»¡Â 1/ E5]~_a@¡ T256 258
VH254T./wQV9@.18`25,/@2HDL|54T.j2H8m./CA0>@S@C>0A@CEDL@<8
Y = (Y1, Y2, ..., Yn)
:*56
Yi = 0 com probabilidade pi e
Yi ∼ Poisson(λi) com probabilidade 1− pi.
)§,1Y60>./878T*>Iºt8`S325456@DL47*98
λ = (λ1, λ2, ..., λn)
@
p = (p1, p2, ..., pn)
8T2HDL.187np25X<@6
log(λi) = Xβ e log
(
pi
1− pi
)
= Zγ,
p£A] E
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log(λi) = Xβ e log
(
pi
1− pi
)
= −τXβ. £A] 
9
¢§w(N>6 *9NADT4T*(S325456@DL47*W0>@<8T:<*9C>u>@<:./0A*fi2(@<87DT./6254e
τ
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β
]h)@ }aS>4T@<8T8LPH*y0>@
pi
:<*96*finoN>CAOQP5*Z0>@
λi
Y(0>25032fiSi*54
log(λi) = −1
τ
log
(
pi
1− pi
)
,
log(λ−τi ) = log
(
pi
1− pi
)
,
λ−τi =
(
pi
1− pi
)
,
pi =
λ−τi
1 + λ−τi
=
1
1 + λτi
, para todo i = 1..., n.
0m*96"*"2finoNAC>OQP5*Z,1*9G9.1DT*?Ys8T.16YDL47./:Q2?@<6~DL*54TC>*fi0>@(AI ÃaI 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log(− log(pi)) = τXiβ,
log(− log(pi)) = τ log(λi),
− log(pi) = λτi ou
pi = e
−λτi .
ºtN¤2?noN>CAOQP5*Z,/*5GHx©,1*9G?:*56S>,1@6"@CEDF2H4
log(− log(1− pi) = −τXiβ = −τ log(λi),
− log(1− pi) = λ−τi ,
1− pi = e−λ−τi ou
pi = 1− e−λ−τi .
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τ
@
λi
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τ < 0
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L(y; β, γ) =
n∏
i=1
{(
pi + (1− pi)e−λi
)
1yi=0 +
(
(1− pi)e−λi λ
yi
i
yi!
)
1yi>0
}
.
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τ
@
λ
S3254L2fi0>.dno@47@CEDL@<8`noNAC>Ov@8`0>@;,/.1GE25OP5*>]
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pi
1
1+λτi
e−λ
τ
i 1− e−λ−τi
τ > 0 λi →∞ pi → 0 pi → 0 pi → 0
τ →∞ λi A}a* pi → 0 pi → 0 pi → 0
τ → −∞ pi → 1 pi → 1 pi → 1
)§474L25C  T25C>0>*?*58mDL@<4T6"*98m@<6~4T@<,j25OP5*?¼H8mnoN>C>O<a@<8'./C>0A./:Q2H0>*94L2H8Iv*fi,/*9GE2H4T.1DT6*s0>2UnoN>C>OQPH*fi0>@§V9@<4T*98¡x
8T.16.1,/u32HC>OQ2W>:Q2
`(y; β, γ) = log
{∏
yi=0
(pi + (1− pi)e−λi)
∏
yi>0
(1− pi)e−λi λ
yi
i
yi!
}
= log
{ n∏
i=1
(1− pi)
∏
yi=0
(
pi
1− pi + e
−λi)
∏
yi>0
e−λiλyii
∏
yi>0
1
yi!
}
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log(λi) = Xiβ e log
(
pi
1− pi
)
= Ziγ,
λi = e
Xiβ ,
pi
1− pi = e
Ziγ e 1− pi = 1
1 + Ziγ
,
= − log(
n∏
i=1
(1 + eZiγ)) + log(
∏
yi=0
(eZiγ + e−e
Xiβ)) + log(
∏
yi>0
e−e
XiβeXiβ
yi
)− log(
∏
yi>0
yi!)
= −
n∑
i=1
log(1 + eZiγ) +
∑
yi=0
log(eZiγ + e−e
Xiβ)) +
∑
yi>0
(−eXiβ + Xiβyi)−
∑
yi>0
log(yi!).
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L(y; p, β) =
n∏
i=1
{
(p + (1− p)e−λi)1yi=0 + ((1− p)e−λi
λyii
yi!
)1yi>0
}
.
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`(yi; p, β) = log
{∏
yi=0
(p + (1− p)e−λi)
∏
yi>0
(1− p)e−λi λ
yi
i
yi!
}
= log
{ n∏
i=1
(1− p)
∏
yi=0
(
p
1− p + e
−λi)
∏
yi>0
e−λiλyii
∏
yi>0
1
yi!
}
= n log(1− p) +
∑
yi=0
log(
p
1− p + e
−eXiβ) + log(
∏
yi>0
e−e
XiβeXiβ
yi
)−
∑
yi>0
log yi!
= n log(1− p) +
∑
yi=0
log(
p
1− p + e
−eXiβ) +
∑
yi>0
(−eXiβ + Xiβyi)−
∑
yi>0
log yi!.
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(p, β)
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∂`(p, β;y)
∂p
=
n
p− 1 +
1
1− p
∑
yi=0
1
p + e−e
Xiβ(1− p) = 0
∂`(p, β;y)
∂βj
=
∑
yi=0
e−e
Xiβ(−eXiβ)xij
p
1−p
+ e−e
Xiβ
+
∑
yi>0
(−eXiβxij + yi
Xiβ
xij) = 0.
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U(p, β) =
(
∂`(p,β;y)
∂p
∂`(p,β;y)
∂βj
)
.
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∂`2(p, β;y)
∂p2
=
−n
(p− 1)2 −
1
1− p
∑
yi=0
1− 2(p + (1− p)e−eXiβ)
(p + e−e
Xiβ(1− p))2
1
(1− p)2 ,
∂`2(p, β;y)
∂β2j
=
∑
yi=0
(e−e
Xiβe2Xiβx2ij − e−eXiβeXiβx2ij)( p1−p + e−e
Xiβ) + e−2e
Xiβe2Xiβx2ij
( p
1−p
+ e−e
Xiβ)2
+
∑
yi>0
(−eXiβx2ij +
yi
(Xiβ)2
x2ij),
∂`2(p, β;y)
∂p∂βj
=
∑
yi=0
e−e
XiβeXiβxij
(p + (1− p)e−eXiβ)2 ,
∂`2(p, β;y)
∂βj∂βk
=
∑
yi=0
e−e
XiβeXiβxijxik(e
Xiβ − 1)( p
1−p
+ e−e
Xiβ) + e−2e
Xiβe2Xiβxijxik
( p
1−p
+ e−e
Xiβ)2
+
∑
yi>0
(−eXiβxijxik + yi
(Xiβ)2
xijxik).
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(( ∂`2(p,β;y)
∂p2
∂`2(p,β;y)
∂p∂βj
∂`2(p,β;y)
∂p∂βj
∂`2(p,β;y)
∂βj∂βk
))
.
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P [Y = y] = (p + (1− p)e−λ)1{y=0} + ((1− p)e−λ λ
y
y!
)1{y>0}.
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y = 1, ..., m
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L(y; q, λ) =
n∏
i=1
{
(1− q + qe−λ)1yi=0 + (qe−λ
λyi
yi!
)1yi>0
}
=
∏
yi=0
(1− q + qe−λ)
∏
yi>0
qe−λ
λyi
yi!
.
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`(y; q, λ) = n0 ln(1− q + qe−λ) +
m∑
y=1
ny ln
(
qe−λ
λyi
yi!
)
.
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U(q, λ) =
(
∂`(y;q,λ)
∂q
∂`(y;q,λ)
∂λ
)
.
[ 2H4L2Z6y2}a.16.1XQ254l2?V9@47*98T87./6"./,1u325C>O2UDL*96256"*98
∂`(y; q, λ)
∂q
= n0
(e−λ − 1)
1− q + qe−λ +
n− n0
q
= 0,
p£A] 1E
∂`(y; q, λ)
∂λ
= n0
(−qe−λ)
1− q + qe−λ − (n− n0) +
ny¯
λ
= 0.
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qˆ
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n0
(e−λ − 1)
1− q + qe−λ +
n− n0
q
= 0,
0>@sDF2H,no*94T62?z{N>@
qn0(e
−λ − 1) + (n− n0)(1− q + qe−λ) = 0
qn(1− e−λ) = n− n0 ou qˆ =
1− n0
n
1− e−λˆ .
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q − qe−λ = n− n0
n
e − qe−λ = n− n0 − nq
n
.
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n0
(−qe−λ)
1− q + qe−λ =
n0
n−n0−nq
n
1− n−n0
n
= n− n0 − nq.
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n− n0 − nq − (n− n0) + ny¯
λ
= 0 ou λˆ =
y¯
qˆ
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qˆ =
1− n0
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y¯
qˆ
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E[Y|u] = Xβ + Zu e V ar[Y|u] = R.
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E[u] = 0
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V ar[u] = D
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E[Y] = E{E[Y|u]} = E{Xβ + Zu} = Xβ,
V ar[Y] = V ar{E[Y|u]}+ E{V ar[Y|u]}
= V ar[Xβ + Zu] + E[R]
= ZV ar[u]Z′ + R
= ZDZ′ + R = V.
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Yi|u ∼ fYi|u(yi|u), i = 1, ..., n, onde
fYi|u(yi|u) = exp{φ[yiθi − b(θi)] + c(yi, φ)}.
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E[Yi|u] = µi ]
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E[Yi]
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E[Yi] = E[E[Yi|u]] = E[µi] = E[g−1(x′iβ + z′iu)].
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g(µ) = log(µ)
@
g−1(x) = exp(x)
I
E[Yi] = E[exp{x′iβ + z′iu}]
= exp{x′iβ}E[exp{z′iu}]
= exp{x′iβ}Mu(zi),
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Mu(zi)
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ui ∼ N(0, σ2u)
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exp{σ2u/2}
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E[Yi] = exp{x′iβ} exp{
σ2u
2
} = ex′iβ+ σ
2
u
2 , ou
log E[Yi] = x
′
iβ +
σ2u
2
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g(µit) = log(µit)
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log[E[Yit|ui]] = x′itβ + ui ou E[Yit|ui] = ex
′
itβ+ui.
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E[Yit] = E[E[Yit|ui]] = E[ex′itβ+ui] = ex′itβ+
σ2u
2
@
V ar[Yit] = E[V ar[Yit|u]] + V ar[E[Yit|u]]
= E[exp{x′itβ + z′iu}] + V ar[exp{x′itβ + z′iu}]
= E[exp{x′itβ + z′iu}] + E[[exp{x′itβ + z′iu}]2]− [E[exp{x′itβ + z′iu}]]2
= exp{−x′itβ}Mu(zi)) + exp{2x′itβ}(Mu(2zi)− (Mu(zi))2.
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V ar[Yit] = E[V ar[Yit|ui]] + V ar[E[Yit|ui]] = E[ex′itβ+ui] + V ar[ex′itβ+ui ]
= ex
′
itβ+
σ2u
2 + e2x
′
itβV ar[eui]
= ex
′
itβ+
σ2u
2 + e2x
′
itβ(E(e2ui)− [E(eui)]2)
= ex
′
itβ+
σ2u
2 + e2x
′
itβ(e2σ
2 − eσ2)
= E[Yit] + E[Yit]
2(eσ
2 − 1).
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f(Y ) =
∫
u
f(Y, u)du =
∫
u
f(Y |u)f(u)du
=
∫ ∞
−∞
e−µ
µy
y!
1√
2piσ
e−
u2
2σ2 du
=
∫ ∞
−∞
e−e
(x′β+u) (ex
′β+u)y
y!
1√
2piσ
e−
u2
2σ2 du
=
ex
′βy
y!
√
2piσ
∫ ∞
−∞
e−e
(x′β+u)
eyue−
u2
2σ2 du.
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e−e
(x′β+u)
=
∞∑
n=0
(−1)nen(x′β+u)
n!
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∞∑
n=0
(−1)n
n!
∫ ∞
−∞
enx
′β+(n+y)u− u
2
2σ2 du
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f(Y ) =
∞∑
n=0
(−1)n
n!
enx
′β+(n+y)2 σ
2
2
∫ ∞
−∞
e
−( u√
2σ
− (n+y)σ√
2
)2
du.
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v =
u√
2σ
− (n + y)σ√
2
e dv =
du√
2σ
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f(Y ) =
∞∑
n=0
(−1)n
n!
enx
′β+(n+y)2 σ
2
2
∫ ∞
−∞
e−v
2√
2σdv.
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∫ ∞
−∞
e−v
2√
2σdv = σ
√
2pi.
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f(Y ) = σ
√
2pie
y2σ2
2
∞∑
n=0
(−1)n
n!
en(x
′β+yσ2+nσ
2
2
)
= σ
√
2pie
y2σ2
2
∞∑
n=0
cnz
mn ,


] Ã5
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cn =
(−1)n
n!
en(x
′β+yσ2) · 3 (nσ)
2
2
I
z = e/3
@
mn = (nσ)
2/2
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